A non-uniqueness criterion for the character-automorphic Nehari problem is given.
Introduction
In this work we continue the study of the character-automorphic Nehari problem [7] . First we would like to recall some basic concepts and notation.
Let r be a Fuchsian group, that is a discontinuous group of linear-fractional transformations of the unit disk D = {( E C : ( < 11 onto itself. Let r be the group of unitary characters of the group r. We assume throughout the paper that r has no elliptic and parabolic elements. where T = It E C : ItI = 11 and din is the Lebesgue measure on T. Any function of this class possesses an inner-outer factorization (see, for example, [6, 8] ). We denote by f '1 and f.ut the inner and the outer factors of the function 1 
An analytic function f = f(() (( E
D
, f(() = f1()f0uj((). We denote by H (1 p ) the Hardy spaces of analytic functions f = f(() (( E D)
with iiiiip = sup { If( rt ) I Pdm ( t )} <oo (1 <p < oo) O<r<I 
J
arid IfII = sup{[f(()[ : ( E D). A function f of hounded characteristic has boundary values almost everythere on T and one can identify it with the function giveti by f(t) = lim_. 1 f(rL), t E T. From this point of view, there is another description of the Hardy space H: it consists of L-fiinctions on T with vanishing negative Fourier coefficients. We denote by H P _ the space of L P -functions with vanishing non-negative Fourier coefficients.
One can find a detailed presentation of the theory of Hardy spaces at infinitelyconnected Riemann surfaces of Parreau-Widom type in the monograph of M. Hasumi [5] . Following the paper of Ch. Pommerenke [ 
is called the Green function of the group F with respect to the origin. The group F is of Widom type if and only if the derivative of the Green function 1/ is of bounded characteristic [9] . Moreover, the inner part of b' is a Blaschke product A = (l/),,. It solves the extremal problem inf nn(a) = A(0) (Ei where MP(a) = sup Lf(0)l (1 < P < no).
Ic !1) "flip
In what follows we denote by a[f] the character of a character-automorphi c function
The following conditions are equivalent for groups of Widom type (see [5, 10] ):
• The direct Cauchy theorem holds, i.e. fT k din = for every f E
• For all 1 p < on arid all a E F' the annihilator of the space H P (a) has the form • The functions m = rri P (a) are continuous on r * for all 1 <p < oo.
We would like to stress that the direct Cauchy theorem is not true for an arbitrary group of Widom type and is an additional condition on the group F. The conditions of the direct Cauchy theorem hold, for example, if the zeros of L satisfy Carleson's condition [11] . In the following, we suppose that F is a group of Widom type and that the conditions of the direct Cauchy theorem hold.
We introduce the character-automorphic Nehari problem in the following way: Theorem (see [7] In this paper we use a vector-valued analog of the previous theorem. Let LP (C0) be the space of C0 -valued functions on T with
We associate the following spaces with an arbitrary unitary representation 6 of a group r (0(7) is a unitary (n x n)-matrix): 
Theorem. Let j3 be an n-dimensional unitary representation of a Fuchsian group

F. A vector-valued function 11 E H 1(f 3 ,C') is a projection of a vector-valued function f e L 00 (fl , (C) with 1111100 < 1 onto H1(/3,C) if and only if Su p,Er . II F( a )II 1 where F(a)x Pj (afi,C 0 )(fj x) for x E H00(a).
A proof could be given as word for word repetition of the proof in [7] . We have just to mention that in the vector-valued case, as well as in the scalar case, any function I e H 1 ((C') with 11111 < 1 possesses the factorization f(() = 9I((92((, with 91 E H 2 (C"), Il g ill < 1 and 92 E H 2 , 119211
In this paper we propose a non-uniqueness criterion, which looks like a natural character-automorphic counterpart of the classical one [1, 41 . Assume that A1(f1) 0 0 or, equivalently,
D(cx)=I-F(a)F(ct)>O
for all a!er.
Let us associate with the system of non-negative operators {D(a) } aE r. a system of spaces closL2 { J (a)H 2 (a)} . The criterion states that the solution of the problem (N) is not unique if and only if the norms of the functionals i-p x(0) (x E H2(a)) are uniformly bounded with respect to a (see Criterion 2).
Another purpose was to evaluate the extremum of the "entropy functional" [4] for the problem (N). Our result (see Proposition 5.1) has the form inf Il,gl1_If'2y4m= inf sup sup log
Both results mainly follow from some duality principle, which states Theorem 1. Theorem 1 leads to a notion of x-extremal solution. Theorem 2 describes some properties of such solutions. From these properties we deduce, for example, the existence of a unimodular solution to the indeterminate problem (N) (character-automorphic counterpart of the Adamyan-Arov-Krein theorem [1, 6, 8] ). We should say here that before this work was done S. Kupin had shown us another proof of this proposition. The proof was a character-automorphic counterpart of the proof of 16: Theorem 4.31.
Statement of main results
We start with the following evident
Criterion 1. The problem (N) for a given function fj is indeterminate if and only if there exists a solution fo E AV(f1 ) such that
Proof. Let rc c2i2
-w -joc -joc -c y
and the trivial inequalities 1 -fo ^ 1 -E > J EJi 
Qer zEH2(c)
We denote by k the reproducing kernel of the space H2 (c) with respect to the origin, i.e. k° E H2 (a) and (x,k°) = x(0) for all x E H2 (c). We note that Il k Il = m 2 () . .
The following theorem describes the connection between the Criteria 1 and 2. 
0.
Here s E H°°,s(0) = 0 and A is an inner character-automorphic function.
Remark. For an appropriate choice of x, A is a divisor of the function A (see Proposition 5.2). In the general case, A is a divisor of the function k,, for a certain a E r* (see the proof of Theorem 2).
Corollary of Theorem 2. Let (f, ) be a x-extremal pair. Then any function of the form fe = j+A° (E e H({a[s])1), hEll <1) (2.8) is a solution of the problem (N). In particular, there exists a unimodular solution of the problem (N).
Remark. Formula (2.8) is a straight forward corollary of the properties (ii) and (iii) of x-extremal pairs given in Theorem 2. Even the existence of a solution of the characterautomorphic Nehari problem (N) with the property Ill = si (s E H°°) looks non-trivial.
Moreover, the existence of a unimodular solution for the character-automorphic Nehari problem follows from (2.8) . To obtain such a solution it is sufficient to take any inner function as E. Nevertheless we doubt that our approach is fruitful in a question of a parametrization of the set of all solutions. 
where the first term belongs to H2 (aji) and the second one to Hi(axj), we obtain
Since F(a) is a contraction, we get
Let {(f,, )} be a sequence of x-pairs such that (0) -as n -* oo. Substituting q into (3.1) and then passing to the limit give the estimate
Passing to the supremum over x E H 2 (a) and a E f we get
To prove the inverse inequality we use the vector version of the solvability criterion for the character-automorphic Nehari problem (N). Let us associate with M() a vectorvalued function ----
It generates a system of operators
P1(cxX)() bkx(0)x) M() bkx(0)
x (0) Let us verify that the above-defined operators are contractions. In fact,
The last value is non-negative by the definition of M( 
Proof of Theorem 2
To prove Theorem 2 we need the following known lemmas (see, for example, [1 1]).
Lemma 1. Let a sequence {,,}, an E r* , tends to the unit character t E r *, i.e. = 1 for all -y E ['. Then there exists a sequence of functions {e,,} C H°°(a,,) with
IlnII < 1 such that e,, -i, 1 with respect to the Lebesgue measure on T.
Proof. Let Proof. Let {e,,} be a sequence of functions from Lemma 1, constructed with respect to the sequence of characters {a,,&'}, i.e. e,, E H 0o (a n &_ 1 ). First we show that 
H(i) be an inner divisor of the inner function (k°). Then:
( In fact, 
To complete this part of the proof we have just to use Lemmas 3 and 4, and introduce some notation. Since kk = and in ou
we get from (4.5)
Let us define the function -
This function is an inner one in H°°, because (k k )in is a divisor of (k') in (see 
Therefore f = f and 0 = , and the proof is completed U 
Maximal and minimal X-extremal solutions
We prove the existence of maximal and minimal solutions of the character-automorphic Nehari problem among all the x-extremal solutions and prove some of their properties. In particular, the maximal x-extremal solution gives the extremum to "entropy functional". On the other hand, for any x there always exists a -extremal pair (f, ), and hence 
